The one-dimensional (1D) Fermi gas with repulsive short-range interactions provides an important model of strong correlations and is often amenable to exact methods. However, in the presence of confinement, no exact solution is known for an arbitrary number of strongly interacting fermions. Here, we propose a novel ansatz for generating the lowest-energy wavefunctions of the repulsive 1D Fermi gas in a harmonic potential near the Tonks-Girardeau limit of infinite interactions. We specialize to the case of a single ↓ particle interacting with N ↑ particles, where we may derive analytic forms of the approximate wavefunctions. Comparing with exact numerics, we show that the overlap between the wavefunctions from our ansatz and the exact ones in the ground-state manifold exceeds 0.9997 for N ↑ ≤ 8. Moreover, the overlap for the ground-state wavefunction at strong repulsion extrapolates to ∼ 0.9999 as N ↑ → ∞. Thus, our ansatz is essentially indistinguishable from "numerically exact" results in both the few-and many-body limits. In the large N ↑ limit, we find that the impurity probability density in the ground state is only slightly perturbed by the infinitely repulsive interactions, while the quasiparticle residue vanishes as the many-body limit is approached, reflecting the Anderson orthogonality catastrophe. We furthermore derive an effective Heisenberg spin-chain model for the regime near the Tonks-Girardeau limit, within which our ansatz is exact. Here, we find that the impurity eigenstates in the spin basis correspond to discrete Chebyshev polynomials. The energy of states in excited manifolds is then calculated using a dynamical SO(2, 1) symmetry, which provides an exact relation between states in different manifolds related by a scaling transformation. We finally show how our results for the wavefunctions and the energy spectrum can be detected in cold atomic gases via collective-mode, tunneling, and radio-frequency experiments.
I. INTRODUCTION
Trial wavefunctions play a pivotal role in quantum many-body physics. A famous example is the wavefunction of Bardeen, Cooper, and Schrieffer (BCS) [1] , which captures the pairing phenomena that underlies superconductivity. The BCS wavefunction has since been employed to describe the crossover from BCS pairing to Bose-Einstein condensation with increasing attractive interactions [2, 3] . In the context of two-dimensional (2D) electron systems, there is the Laughlin wavefunction [4] , which explains a number of features of the fractional quantum Hall effect [5] and provides an essentially exact ground state at filling factors 1/n with integer n. Similarly, the Moore-Read Pfaffian state [6] is a strong candidate for the ground state at filling factor 5/2. More recently, in the field of cold atomic gases, the weak-coupling Chevy ansatz [7] is found to accurately describe a single spin-↓ particle immersed in a spin-↑ Fermi sea, even in the regime of unitarity limited interactions [8] [9] [10] .
Here we present a novel, highly accurate ansatz for the wavefunction of a two-component Fermi gas in a 1D harmonic potential with strong repulsive interactions. Onedimensional systems occupy a unique place in strongly correlated many-body physics, as many are exactly solvable via methods such as the Bethe Ansatz. However, no exact solution is known in general for strongly interacting fermions under confinement, a scenario that is often encountered in real systems. While the problem can be solved exactly numerically up to ∼10 particles [11] [12] [13] [14] [15] [16] , the calculation rapidly becomes untenable beyond that. The approach we propose here provides a way to tackle the regime near the Tonks-Girardeau (TG) limit of infinitely strong contact interactions. In this case, the ground-state manifold in the confined system consists of
nearly degenerate states, where N ↑ (N ↓ ) is the number of spin-↑ (spin-↓) particles. For the "impurity" problem consisting of a single ↓ particle (N ↓ = 1) in a sea of N ↑ majority particles, we generate all these states in an essentially combinatorial manner. We show that the overlap between our ansatz wavefunction and exact states obtained by numerical calculations exceeds 0.9997 for N ↑ ≤ 8. In particular, the overlap with the exact ground state for large repulsive interactions is furthermore found to extrapolate to a value ∼ 0.9999 as N ↑ → ∞. Thus, our ansatz effectively solves the strongly interacting single ↓ problem in a harmonic potential, from the few-to the many-body limit.
Harmonically confined 1D systems have received a considerable amount of interest, particularly since the experimental realization in ultracold atomic Bose gases [17, 18] and, more recently, in Fermi gases [19] [20] [21] . In the fermionic system, experimentalists have trapped 6 Li atoms in a 1D waveguide, with a high degree of control over both the number of particles in two hyperfine states and the interspecies interaction strength. On the theoretical side, fermions in 1D harmonic potentials have been the subject of several studies [11] [12] [13] [14] [15] [16] [22] [23] [24] , motivated in part by the possibility of a ferromagnetic transition as the interactions are tuned across the TG limit. In particular, Refs. [22, 23] both proposed analytic forms of the ground-state wavefunction at large repulsive interactions, while Ref. [24] extended this to include the entire ground-state manifold. However, the ground-state wavefunction for N ↑ = 3 predicted by these works is unable to reproduce recent exact numerical studies in the TG limit [11] [12] [13] . In contrast, our ansatz reproduces exact numerical results to an exceedingly high accuracy.
We have furthermore mapped the 1D problem close to the TG limit onto an effective Heisenberg spin chain of finite length [25, 26] , and we derive an analytical expression for the Heisenberg Hamiltonian within which our wavefunction ansatz is formally exact. For the impurity problem with N ↓ = 1, our ansatz for the wavefunctions in the spin basis, in fact, corresponds to discrete Chebyshev polynomials. In particular, the ground-state wavefunction is simply a sign-alternating Pascal's triangle, i.e., at site i it is proportional to (−1) i N ↑ i , with 0 ≤ i ≤ N ↑ . Somewhat surprisingly, this implies that the probability distribution of the ↓ impurity in the thermodynamic limit N ↑ → ∞ is a Gaussian only slightly broadened compared with the non-interacting ground state. However, even though the probability distribution of the impurity particle is not changed much by the interactions, we show that the overlap with the non-interacting manybody ground state (i.e., the quasiparticle residue) tends to zero in the limit N ↑ → ∞, in accordance with the orthogonality catastrophe [27] . In general, the effective spin model is expected to accurately describe any N ↓ , N ↑ opening up the intriguing possibility of addressing the strongly interacting 1D Fermi gas with powerful numerical methods for lattice systems, such as the density matrix renormalization group (DMRG) [28] . We then use a dynamical SO(2, 1) symmetry of the problem to calculate the energy of higher excited states related to the states in the ground-state manifold by a scaling transformation. These states are separated from the ground state by multiples of twice the harmonic oscillator frequency in the TG limit, and we calculate the energy shift away from these values close to the TG limit. Finally, we discuss how the predictions of our ansatz can be probed in collective-mode experiments, tunneling experiments, and radio-frequency (RF) spectroscopy.
The paper is organized as follows. In Sec. II we first discuss the model and the role played by spin. In Sec. III we then introduce our ansatz. Section IV describes how the Hellmann-Feynman theorem may be applied to solve for the wavefunctions perturbatively around the TG limit. In Sec. V we show how the problem may be mapped onto an effective Heisenberg Hamiltonian, and we solve the Schrödinger equation exactly for the groundstate manifold of wavefunctions within our ansatz. In Sec. VI we then consider the many-body limit, finding the probability distribution of the impurity for large N ↑ and comparing with that expected from the local density approximation. In Sec. VII we use a dynamical SO(2, 1) symmetry to calculate the energy of higher excited modes. We consider experimental probes of the 1D system in Sec. VIII focussing on RF spectroscopy and tunneling experiments. Finally, in Sec. IX we conclude, showing how our effective Heisenberg model allows us to obtain the ground-state manifold for any number of ↑, ↓ particles.
II. MODEL
We consider N ↑ fermions in spin state ↑ and N ↓ fermions in spin state ↓, both with mass m, confined in a 1D harmonic potential. The total number of particles is written as N ↑ +N ↓ = N +1, which is convenient when we consider the impurity problem below. The Hamiltonian is thus
where the coupling g quantifies the strength of the shortrange interactions and ω is the harmonic oscillator frequency. Note that particles with the same spin do not interact since their wavefunction vanishes when |x i −x j | → 0 due to antisymmetry under particle exchange. Since H commutes with the total spin operator, the eigenstates will have well defined spin projection S z = (N ↑ − N ↓ )/2 and total spin S. In the following, we use harmonic oscillator units where ω = m = = 1. In the TG limit, the coupling strength g → ∞ and the system simplifies significantly due to the form of the boundary conditions when two particles approach each other. Specifically, for a given wavefunction ψ(x), the infinite repulsion requires lim xij →0 ψ(x) = 0, with x ij ≡ x i − x j the relative coordinate for any pair of fermions with opposite spin, and x = (x 0 , x 1 , . . . , x N ). Note that identical fermions always obey this condition, regardless of the size of g, due to the antisymmetry of the wavefunction with respect to exchange of particles. Since all particles experience the same boundary conditions, it follows that the ground-state manifold for a system with fixed S z contains
degenerate states, corresponding to the number of unique configurations of ↑ and ↓ particles.
The simplest eigenstate of the Hamiltonian (1) is the fully ferromagnetic state, corresponding to the maximum total spin S = (N +1)/2. In this case, the spin part of the wavefunction is always symmetric, regardless of S z , and thus the wavefunction in real space must be antisymmetric. In other words, the wavefunction takes the form of a Slater determinant of single-particle harmonic oscillator wavefunctions, and can be written as follows [29] 
where the normalization constant N N is
The ferromagnetic state described by Eq. (2) corresponds to that of N + 1 identical fermions, and thus its energy is E 0 = N n=0 (n + 1/2) − 1/2 = N (N + 2)/2, where we subtract the center-of-mass zero point motional energy. Furthermore, it is an eigenstate for all g since the wavefunction antisymmetry guarantees that it vanishes when x ij → 0 so that it does not experience the particleparticle interaction.
For a given S z (corresponding to fixed N ↑ and N ↓ ), the remaining eigenstates with the same energy E 0 in the TG limit may be characterized by other values of S. For instance, for N ↑ = N ↓ = 1, there are two states, characterized by either S = 0 or S = 1. However, for general particle number, spin alone is not sufficient to determine the states with S < (N +1)/2, since the degeneracy of the ground-state manifold is
whereas the number of different S for a given S z is 1 + min(N ↑ , N ↓ ). Thus, in order to construct a unique orthogonal basis of eigenstates in the TG limit, we must consider how the states in the ground-state manifold evolve as g → ∞, as illustrated in Fig. 1 .
In the following, we mostly focus on the impurity problem where we have one ↓ particle at position x 0 and N ↑ particles at positions x i with 1 ≤ i ≤ N . In this case, we have N eigenstates with spin S = S z = (N − 1)/2, in addition to the ferromagnetic state. 0 1 Figure 1 . Energy levels in the vicinity of the Tonks-Girardeau limit for one ↓ particle and N = 3 ↑ particles. We display the exact energies ψ l |H|ψ l (red) and the result of our ansatz ψ l H ψ l (blue dashed), given by C l /g to order 1/g. For g < 0, there is also a two-body bound state at negative energies which we do not show.
III. GROUND-STATE MANIFOLD IN THE TONKS-GIRARDEAU LIMIT
To construct the wavefunctions for the impurity problem with S = S z = N −1 2 in the ground-state manifold in the TG limit, it is useful to define a complete (but not orthogonal) set of basis functions involving φ 0 = ψ 0 (x) and the N states:
where s i ≡ sign(x i0 ). For simplicity of notation we omit the dependence of φ l on the coordinates. Each sign function simply replaces a zero-crossing in the Slater determinant (2) with a cusp at the position where the impurity meets a majority (↑) particle (x i0 = 0). As an example, for N = 2 we have basis functions:
The basis functions are clearly degenerate with the ferromagnetic state (2) when g → ∞, since the interaction energy vanishes while the energy of motion in the harmonic potential is the same for all φ l . The latter can be shown by noting that for any ordering of the particles (say x 0 < x 1 < ... < x N ) we have φ l ∝ ψ 0 (x). Thus all eigenstates of the ground state manifold in the TG limit must be linear combinations of the basis functions. Note that the eigenstates split into two orthogonal sets which are even or odd with respect to parity, since the Hamiltonian commutes with the parity operator. The central question we address here concerns the nature of the eigenstates in the vicinity of the TG limit, i.e., we wish to know the wavefunctions and energies perturbatively in the small parameter 1/g. This allows one to uniquely define the eigenstates at g → ∞ as being those that are adiabatically connected to the states at finite g. We will in Sec. IV determine these eigenstates explicitly using the Hellman-Feynman theorem combined with degenerate perturbation theory. However, before we proceed with this it is instructive to consider the structure of the exact eigenstates ψ l (up to corrections of order 1/g) for N = 1 [30] and N = 2 [22] ,
The subscripts on the wavefunctions order these in terms of decreasing energy for small but positive 1/g. Referring to Fig. 1 and focussing on the repulsive case g > 0, we see that the ferromagnetic state ψ 0 has the maximum energy within the manifold [24] , while the ground state ψ N has the lowest total spin, i.e., S = S z , in accordance with the Lieb-Mattis theorem [31] . Physically, the cusps in the wavefunction for g → ∞ can easily be softened to differentiable minima/maxima for 1/g > 0, which decreases the kinetic energy and thus leads to a lower energy as compared to the ferromagnetic state, whose energy is independent of g. Indeed we see two patterns emerging: ψ 1 contains only states with one cusp, and only the ground state ψ N contains the state with the maximal number of cusps. These observations suggest that the system may lower its energy by successively acquiring more cusps in the wavefunction. Inspired by the above considerations, we now propose the following strong-coupling ansatz for the eigenstates of the ground-state manifold of the impurity problem in the vicinity of the TG limit:
• For any N , the exact wavefunction ψ l essentially corresponds toψ l , a superposition of the basis functions φ k restricted to k ≤ l.
In other words, the wavefunctions are obtained by a Gram-Schmidt orthogonalization scheme on the set of basis functions {φ k }:ψ 1 is obtained by adding one cusp to ψ 0 ,ψ 2 is obtained by adding one more cusp and then orthogonalising it toψ 0 , and so on. This ansatz is a central result of the present paper. We will show that it is remarkably accurate compared with exact numerical results, and that it allows one to calculate several observables analytically, even in the many-body limit.
The procedure for constructing our ansatz wavefunctionsψ as outlined above can in fact be performed straightforwardly even for large N , by noting that the inner products of the basis functions (4), Φ ln ≡ φ l |φ n , may be calculated combinatorially:
The proof is outlined in Appendix A. We also note that the matrix Φ is bisymmetric, i.e. Φ ln = Φ nl = Φ N −l,N −n .
IV. PERTURBATION THEORY AROUND THE TONKS-GIRARDEAU LIMIT
To demonstrate the accuracy of our ansatz, we now turn to the explicit solution of the Schrödinger equation in the vicinity of the TG limit. Here the energy can be written as E E 0 − C/g, where C is the 1D contact density [32] [33] [34] . From the Hellmann-Feynman theorem, we then obtain
which defines the perturbation H due to a non-zero 1/g. The state |Ψ is a linear combination of the basis states {φ l } of the ground-state manifold: |Ψ = n α n |φ n . To obtain the eigenstates, we require |Ψ to be a stationary state, i.e.
with C the eigenvalue (contact density) of the state |Ψ . The matrix Φ enters because the basis states φ l are not orthogonal. The matrix elements of H can be evaluated as
where we have used the fact that gφ l (
This quantity can be non-zero due to the presence of cusps in the basis functions. Note that ∂φ0 ∂xi0 | + − = 0 for the ferromagnetic state and therefore H 0n = H n0 = 0. This implies that φ 0 is an eigenstate with C = 0, as expected.
A. Exact results
For N = 1 (N = 2) the evalutation of H is straightforward and yields
, while all other elements vanish. Thus we find
where C l ≡ ψ l |H |ψ l is the contact coefficient corresponding to the state ψ l . All the eigenstates for N ≤ 2 are in fact uniquely determined by the two symmetries of parity and spin, so that the ratios of C l in the above and the general structure of the wavefunctions in Eq. (5) hold for any confining potential that preserves parity and spin. However, these symmetries alone are not sufficient to determine the eigenstates for N > 2, and therefore N = 3 will provide a non-trivial test of our ansatz. In this case, the coefficients of H may still be evaluated analytically, but their form is sufficiently complicated that we relegate these to Appendix B. It is important to emphasize, though, that we have determined all the eigenstates and contact coefficients analytically. Converting long analytical expressions into numerical values for brevity, we obtain for N = 3
. (11) while the contact coefficients are
These contact coefficients determine the energy splitting shown in Fig. 1 and they agree with those obtained numerically in Ref. [13] . For N ≥ 4 we resort to a numerical evaluation of the matrix elements of H which may be calculated efficiently as outlined in Appendix C. . Overlaps between our ansatzψ l and the exact wavefunctions ψ l for majority particle numbers N ≤ 8. For the ferromagnetic state with l = 0, this always equals 1 (black line). The red and blue dots depict the overlap forψ1 and ψN (ground state) respectively. These are both 1 for N = 2, as all states are uniquely determined by spin and parity, while they are both 0.999993 for N = 3, where they have the same error. The extrapolations (dashed lines) are least-squares fits of the data points to cubic polynomials. Inset: The wavefunction overlap of Girardeau's proposed state [23] with the exact ground state.
B. Comparison with strong-coupling ansatz
We can now compare the exact results for the eigenstates with our ansatzψ. Applying our Gram-Schmidt orthogonalization scheme, we find the states
Remarkably, comparing Eq. (13) with the exact result given by Eq. (11) we see that our ansatz is extremely accurate with only a minute deviation from the exact result forψ 1 andψ 3 (ψ 0 and ψ 2 are determined exactly from parity and spin). We note that our proposed wavefunctions are identical to those obtained numerically in Ref. [11] , illustrating that the results of our ansatz are essentially indistinguishable from exact numerical calculations.
We now demonstrate explicitly that the very high accuracy of our ansatz holds also for higher particle number N , and that it even seems to hold in the many-body limit for the impurity problem. A natural measure of its accuracy is the wavefunction overlap | ψ l |ψ l | between the exact eigenstates ψ l and our proposed ones ψ l . Writing the wavefunctions as ψ l = N n=0 L ln φ n and ψ l = N n=0L ln φ n , the overlap is simply |(LΦL T ) ll |. For the two non-exact states with N = 3 discussed above, we then find this quantity to be 0.999993, where we remind the reader that this is a numerical value of an analytic result (see Appendix B). Strikingly, we find that the overlap exceeds 0.9997 for all states up to N = 8, with the error being largest for the states "intermediate" between the ferromagnetic state ψ 0 and the ground state ψ N for positive g. In Fig. 2 , we illustrate the wavefunction overlaps for the statesψ 1 andψ N : quite remarkably we see that these always exceed 0.99994. In addition, the overlap in the ground state appears to extrapolate to a value ∼ 0.9999 as N → ∞. Our ansatz is therefore essentially indistinguishable from "numerically exact" methods, even in the many-body limit. This shows that our ansatz practically solves the strongly interacting 1D impurity problem for general N .
Of particular interest is the state ψ N , which is continuously connected with the ground state in the limit of weak repulsive interactions. Girardeau proposed [23] that this state is simply given by the state with the maximum number of cusps inserted, i.e., ψ G = φ N . We have seen that this cannot be correct in the present case of a harmonic oscillator: already, for N = 2, this wavefunction is not orthogonal to the ferromagnetic eigenfunction ψ 0 -see Eq. (5). However, Girardeau's idea is similar in spirit to our ansatz proposed above, so a pertinent question is how well this wavefunction performs. As shown in the inset of Fig. 2 , the overlap of Girardeau's proposed state with the exact ground state is 76% for N = 8, and it most likely tends to zero as N → ∞. Thus, our ansatz is a significant improvement compared to previous proprosals for the ground-state wavefunction.
C. Energy spectrum
We now turn to the contact coefficients that determine the N + 1 energy levels in the ground-state manifold, i.e., the splitting of the spectrum at finite coupling. In Fig. 3 we show how the energy, in fact, takes the following approximate form
Comparing with Eqs. (9), (10) and (12), we see that this expression is exact for N = 1 and 2, while it holds to within 3.0% for N ≤ 8. We will show in the next section that the spectrum given by Eq. (14) is intimately linked with an effective Heisenberg spin Hamiltonian within which our ansatz is exact. 
V. EFFECTIVE HEISENBERG SPIN CHAIN
We now discuss how the 1D problem can be mapped onto a Heisenberg spin model [25, 26] . This enables us to determine the statesψ l analytically, and it also allows us to generalise our ansatz for the impurity problem to any N ↓ . Finally, it provides the opportunity to address the problem with powerful techniques such as the DMRG method.
In the limit g → ∞, the system consists of impenetrable particles since the wavefunction must vanish when two particles approach each other. Thus, if the particles are placed in a particular order, they should retain that ordering as long as the repulsion is infinite. This allows us to consider the system in the TG limit as a discrete lattice of finite length N + 1, where the particle furthest to the left is at site i = 0, the next particle is at site i = 1 and so on. A small but finite value of 1/g then allows neighboring particles to exchange position, introducing a nearest-neighbor spin interaction in the lattice picture. We can thus write the Hamiltonian in the lattice as
where S i is the spin operator at site i and J i is the nearest neighbour exchange constant, which can in general depend on i [12] . Such a Heisenberg model was also considered in Refs. [13, 35] . Subtracting the constant in each term of the sum ensures that the ferromagnetic state has energy E 0 . The Hamiltonian (15) is valid to linear order in 1/g and the general form holds for any external potential.
The couplings J i in the Heisenberg model (15) can be determined by considering the single ↓ impurity problem in a new basis of position states |↓ i with 0 ≤ i ≤ N . The lattice position i corresponds to the position of the impurity relative to the N majority particles. The position states are orthonormal with ↓ i | ↓ j = δ ij , and as shown in Appendix A,
The perturbation H may then be evaluated in the position basis of the impurity by inserting a complete set of eigenstates, yielding
The matrix elements (17) provide an explicit construction of the Heisenberg Hamiltonian (15).
A. "Harmonic" Heisenberg model
We now determine the Heisenberg Hamiltonian within which our strong-coupling ansatz for the eigenstates is exact. Proceeding via "reverse engineering", we form the effective Hamiltonian by replacing ψ l with our ansatz wavefunctionsψ l in Eq. (17). By inspection, we then find that we must use the approximation C l C N l(l+1) N (N +1) from Eq. (14) in Eq. (17) in order to obtain a Hamiltonian restricted to nearest-neighbor interactions. We then find the analytical expression within our ansatz
The nearest-neighbor exchange constant takes the form of an inverted parabola and is thus reminiscent of the real space harmonic oscillator potential (see Fig. 4 ). The form of the coefficients means that the impurity at small positive 1/g may minimize its energy by occupying primarily the center of the spin chain, while alternating the sign of the wavefunction on the different sites. Contrast this with the ferromagnetic state, which is a completely symmetric function of the impurity position
This is equivalent to the state obtained by applying the total spin lowering operatorŜ − = iŜ i − to the spin polarized state with S z = (N + 1)/2. Note that this symmetric spin function corresponds to an antisymmetric wavefunction in real space.
The Heisenberg model obtained from our ansatz is exact for N = 1 and N = 2, while it is approximate for larger N . In particular, for N = 3 our ansatz yields
which should be compared with the result obtained by using the exact eigenstates and energies in Eq. (17), yielding
The error in the coefficients is thus less than 1%. Note that Eq. (21) agrees with that found numerically in Ref. [13] . For larger N ≤ 8 we find that the error in the coefficients at the central sites remains 0.3%, while the error at the edges of the spin chain remains 5%. This shows that our ansatz is most accurate when the impurity is near the center of the harmonic potential. We will demonstrate below that the ground-state wavefunction of the impurity is negligible near the edges of the chain even for large repulsion g, so the reduced accuracy in this region has a tiny impact on its bulk properties. Our effective "harmonic" Heisenberg model in fact allows us to determine the general solution for the single ↓ impurity within our ansatz analytically. We obtain
for the eigenstates in the ground-state manifold, where η
is a normalization constant. This result may be verified by direct application of the Hamiltonian (15) , and follows from the basis functions φ l being discrete polynomials of the variable (i − N/2) of maximum order l in the spin chain. The Gram-Schmidt procedure of our ansatz then yields the orthonormal discrete polynomialsψ l with maximal order l in the variable (i − N/2). Such functions are well-known in the field of approximation theory as discrete Chebyshev polynomials, see e.g. Ref. [36] . The analytical form for the ansatz wavefunctions provides a simple solution to the GramSchmidt procedure for general N . In particular, the ground-state wavefunction is simply a (sign-alternating) Pascal's triangle:
Note that, in real space, this wavefunction does not change sign under the exchange of the impurity with a majority particle. In terms of the basis states (4) the ground-state wavefunction translates intõ
From the analytical expression (23), we can determine the probability that the impurity is at position i relative to the majority particles in the ground state given by
This prediction is dramatically different from the constant probability distribution P G (i) = 1/(N + 1) predicted by Girardeau's proposed ground state, which in the spin-chain model takes the form |ψ G = (N + 1)
Thus, ψ G is inaccurate for the ground state in the harmonic potential. Note, however, that it correctly describes the ground state of the impurity in an infinite well in the limit N → ∞, where the spin exchange coefficients are constant and the boundaries are irrelevant.
Finally, we emphasize that the mapping to the effective Heisenberg model allows us to generalise our ansatz from the impurity problem to any N ↑ and N ↓ : One simply needs to calculate the eigenstates of the Hamiltonian (15) with coefficients given by Eq. (18).
VI. APPROACHING THE MANY-BODY LIMIT
The fact that the wavefunction overlaps appear to extrapolate to a numerical value very close to 1 (see Fig. 2 ), indicates that our ansatz is highly accurate also in the many-body limit. This tantalising observation provides ample motivation to investigate the properties of the impurity ground state (23) at large repulsion for N → ∞, as this is the state most readily explored in experiment. We focus on properties that depend on the impurity probability distribution in the bulk of the system.
A. Contact
The first such quantity is the contact coefficient of the ground state, as shown in Fig. 5 . We compare it with the expression C N ≈ 8 √ 2N 3 /(3π) corresponding to McGuire's exact solution to the single impurity problem in free space [37] mapped onto the harmonically confined system using the local density approximation [16] . We see that our prediction for the contact seems to extrapolate to the Bethe ansatz result in the many-body limit. This provides strong evidence that the local density mapping of the Bethe ansatz solution is valid for the singleimpurity ground state energy.
B. Impurity density
We now calculate the probability density of the impurity in real space,
2 . This is very complicated to evaluate for general N , but in the thermodynamic limit N → ∞, the probability distribution of the approximate ground-state wavefunction (23) may be converted into P N (x 0 ). The distribution of majority particles is unaffected by the presence of the impurity in the thermodynamic limit, and according to the local density approximation it is
where µ 0 is the chemical potential at the center of the harmonic potential. This in turn yields N = 
Focussing on the central part of the harmonic potential where x 0 √ 2µ 0 , the right hand side is approximately 2x 0 /(π √ 2µ 0 ). Substituting this into Stirling's approximation to the ground-state probability distribution,
, finally yields the probability density of the impurity particle in the thermodynamic limit:
Remarkably, upon tuning the system from the noninteracting ground state at g = 0 + with probability density P NI (x 0 ) = exp(−x 2 0 )/ √ π, the impurity wavefunction has only spread out slightly in the TG limit. The broader distribution may be viewed as an increase in the harmonic oscillator length by a factor π/2 √ 2 or as a decreased effective mass. Note that our predicted probability density is completely different from that of the Girardeau state, n(x 0 )/N , which equals that of the ferromagnetic state.
C. Quasiparticle residue The small change in the ground-state impurity probability distribution from the non-interacting to the TG limit appears to suggest that the wavefunction of the system is only weakly perturbed by infinite interactions. On the other hand, it is well known that the system encounters the orthogonality catastrophe in the thermodynamic limit, where the state of the system has no overlap with the non-interacting state. To reconcile these points, it is necessary to consider the impact of the interactions on the majority fermions, which reshuffles the Fermi sea. This is embedded in the residue Z = | ψ N | ψ NI | 2 , i.e. the squared overlap of the ground-state wavefunction with the non-interacting ground state at g = 0:
We compute the residue using a numerical method similar to that outlined in Appendix C, and the result is shown in Fig. 6 . By fitting, we find that the residue decreases with N as ∼ 1/ √ N + 1. Intriguingly, the same scaling of the residue with particle number was predicted for a massive impurity immersed in a 1D Fermi gas in uniform space [38] .
VII. ENERGY SHIFT IN HIGHER MANIFOLDS
We have demonstrated that our ansatz is extremely accurate for the (N +1)-dimensional ground-state manifold of the impurity problem to order 1/g. We now show how the energy shifts of states in higher manifolds separated by 2n in energy (n = 1, 2, . . .) in the TG limit can be calculated using a dynamic SO(2, 1) symmetry (we remind the reader that the energy is measured in units of the harmonic oscillator frequency). These higher states are related to those in the ground-state manifold by a scale transformationŜ(λ), which acts on an N + 1 particle wavefunction ψ(x) aŝ
where λ −(N +1)/2 is a normalization factor. For finite g, the Hamiltonian is not invariant under a scale transformation, since the kinetic energy transforms as
while the interaction energy transforms as gδ(x) → λ −1 gδ(x). However, in the TG limit the Hamiltonian is scale invariant in the absence of the harmonic potential, and when the potential is included the scale invariance changes into a "spectrum generating" SO(2, 1) symmetry [39] . As discussed in more detail in Appendix D, one can define an operatorB so that if |n is an eigenstate with energy E n , then |n + 1 =B † |n is an eigenstate with energy E n+1 = E n + 2. The spectrum in the TG limit therefore consists of towers of states separated by twice the harmonic potential frequency, wherê B|0 = 0 for the lowest state in each tower.
Away from the TG limit, each level in these towers is shifted in energy, and Eq. (14) gives the energy shift linear in 1/g of the ground-state manifold to a very good approximation. Each state in the ground-state manifold represents the lowest state in a separate tower of modes, and we now use the SO(2, 1) algebra to calculate the energy shift of the excited states in each tower. Within first order perturbation theory, the energy shift δE n of the n'th excited mode |n away from its value in the TG limit is given by
where |n = (B † ) n |0 , and |0 is a state in the groundstate manifold. Note that this result is exact to order 1/g. The expectation values in Eq. (29) can be calculated using operator algebra only [40] , once the so-called "scaling dimension" ∆ H of H is known. Using Eq. (8), we find
and, as explained in Appendix D, it follows that the scaling dimension of H is ∆ H = 3 in 1D. The calculation of Eq. (29) is now rather long and cumbersome but straightforward since all necessary commutators are known [40] . The final result, given in Appendix D, yields the energy shift of the state |n as a function of the energy shift of all lower states in the tower. The simplest case is the energy shift δE 1 of the first excited breathing state |1 =B † |0 , given by
where δE 0 is the energy shift of the N +1 particle ground state away from the value E 0 = N (N + 2)/2 in the TG limit. Equation (31) predicts that the energy shift of the first excited mode is larger than the shift of the state in the ground-state manifold. Physically, this means that the excited state energy approaches its non-interacting value faster than the ground state as one moves away from the TG limit. Used in combination with Eq. (14), Eq. (31) generalises our ansatz for the spectrum to higher energy manifolds.
We can compare the prediction of Eq. (31) with the exact solution to the two-body problem. In 1D, the exact two-body energies E are determined by the equation
. Close to the TG limit g → ∞, we have E = 3/2 + δE 0 for a state in the ground-state manifold and E = 7/2 + δE 1 for the first excited state in the tower, with δE i /E 1. Using Γ(x) 1/x and Γ(x − 1) −1/x for x 1, the exact two-body solution yields δE 1 /δE 0 = 3/2. Inserting E 0 = 3/2 in Eq. (31) yields the same result, explicitly demonstrating that our formula, valid for any N , recovers the exact two-body theory close to the TG limit.
For large N , it immediately follows from Eq. (31) that the correction to the energy shift of the first excited manifold goes as 1/N 2 . Moreover, this holds for any n N (see Appendix D). Thus, in the thermodynamic limit we find that the dynamic SO(2, 1) symmetry extends to finite interactions, up to order 1/g.
The approach described in this section is exact to lowest order in 1/g, and it is completely general. It would for instance be interesting to apply it to a system of 1D bosons close to the TG limit, where the frequency shift of the lowest breathing mode was recently calculated using a mapping to an effective fermionic Hamiltonian combined with perturbation theory [41] .
VIII. EXPERIMENTAL PROBES
An important question is how our ansatz can be tested experimentally. We now discuss three probes particularly relevant to cold atoms experiment: Breathing modes, tunneling experiments, and radio-frequency (RF) spectroscopy.
A. Breathing modes
One approach that has been applied in cold-atom experiments in higher dimensions, see e.g. Ref. [42] , is to excite a monopole (breathing) mode in the gas and measure its frequency. In the TG limit, the result would be a tower of modes separated by twice the harmonic oscillator frequency, corresponding to the higher manifolds discussed previously in Sec. VII. Focusing on the first of these modes, from Eq. (31) we predict the shift in the frequency at large finite repulsion to be given by δE 1 − δE 0 = 3δE 0 /4E 0 , i.e., proportional to the inverse coupling constant. The breathing mode can thus provide a sensitive probe of interactions in the few-body system. On the other hand, in the many-body limit we predict the absence of a shift in the breathing mode at order 1/g, which would also be experimentally observable. . Tunneling probability of the impurity in the ground state as a function of majority particle number. The diamonds, open circles, and squares are for the states ψN ,ψN , and ψG, respectively. The dashed line is the asymptotic prediction for our approximation scheme in the limit of large N ,
The ground-state wavefunction ψ N for the impurity problem may be probed in the type of experiments recently developed in the group of S. Jochim [20, 21] . Here, starting from the non-interacting ground state at g = 0 + , the system is adiabatically tuned to the TG limit. Applying a magnetic-field gradient then allows the experimentalists to release atoms from the edge of the sample, and measure the probability that the impurity atom is the first to tunnel out of the trap.
Using our ansatz, we can calculate the tunnelling probability of the impurity simply by taking i = 0 in (24) which gives
The tunneling probability is displayed in Fig. 7 as a function of majority particle number N . For N = 1, the result is trivially 1/2. For N = 2 the result (32) is also exact, giving 1/6 which matches the prediction of Ref. [12] . Our analytic calculation for N = 3 (see Appendix B) and numerical calculations for 4 ≤ N ≤ 8 are also found to match the numerical calculations of Ref. [12] . We further see that the approximation (32) works quite well, with a maximum error of 20% for N = 8 where however the tunneling probability is ∼ 10 −4 . As mentioned above, our model has the largest error at the edges of the spin chain, whereas it works much better for quantities that depend on the bulk of the system.
C. Radio-frequency spectroscopy
Another important probe for cold atomic gases is RF spectroscopy. Consider a homogenous RF-probe with frequency ω rf which flips the impurity atom from the hyperfine state |a to the hyperfine state |b . Within linear response, the RF signal is proportional to i,f
where P i (P f ) is the probability of occupation of the initial |i (final |f ) many-body state, andψ σ is the field operator for the hyperfine state |σ . From the above, we can read off the RF signal that will be observed.
Assume that the system initially is in a definite state |i and that all final states are empty. There are two kinds of RF spectroscopy. In direct RF-spectroscopy, a =↓ and the impurity atom interacts with the ↑ atoms in the initial state, which belongs to the interacting many-body ground-state manifold, whereas the final hyperfine state |b of the impurity atom does not interact with the majority atoms. There will then be a peak at ω rf = −E 0 in the RF spectrum in the TG limit, and the reduction of the height of the peak from its non-interacting value gives the quasiparticle residue of the initial state. There will also be peaks at ω rf = −E 0 + 2n with n = 1, 2, . . . as the initial interacting wavefunction has components in excited non-interacting states with the same parity. The shift of the peak position away from ω rf = −E 0 gives the energy shift of the many-body ground state when 1/g > 0. In inverse RF spectroscopy, the initial state |a of the impurity atom does not interact with the majority atoms whereas the final state does with b =↓. There will then be a peak at ω rf = E 0 in the RF spectrum in the TG limit and the shift in position when 1/g > 0 again gives the many-body energy shift directly. The reduction of the height of the peak from its non-interacting value gives the quasiparticle residue. There will also be RF peaks at higher frequencies corresponding to flipping into the excited interacting states.
Finally, the residue may also be probed by ramping up the RF intensity and studying the coherent, long-lived Rabi oscillations that the impurity performs between the two states |i and |f . Since the frequency is proportional to the overlap integral between the interacting and non-interacting many-body state, the Rabi frequency is reduced by a factor √ Z. As such, measuring this reduction is a reliable method for extracting the quasiparticle residue and has been successfully used in the case of the 3D impurity problem [43] .
IX. CONCLUSIONS AND OUTLOOK
In the present work, we investigated in detail the properties of a single impurity immersed in a Fermi sea of N majority particles near the TG limit. By comparing with exact numerical results, we have demonstrated the impressive accuracy of our strong-coupling ansatz for arbitrary N . We have furthermore identifed the effective Heisenberg Hamiltonian within which our ansatz is exact, and this has allowed us to evaluate analytically the entire ground-state manifold, yielding the discrete Chebyshev polynomials. In particular, the ground-state wavefunction from our ansatz at strong repulsion is a sign-alternating Pascal's triangle in the spin chain. Since its overlap with the exact ground-state wavefunction extrapolates to a value ∼ 0.9999 for N → ∞, we believe that Eq. (23) is essentially indistinguishable from the result of numerically exact approaches.
Our predictions for the wavefunctions and the energy spectrum at strong coupling may be probed in coldatom experiments, as discussed in Sec. VIII. The breathing mode gives access to the tower of states in higher manifolds considered in Sec. VII, while tunneling experiments can directly reveal the structure of the groundstate wavefunction. If such a tunneling experiment (or similar) could be engineered to probe the whole probability distribution rather than just the edges, then it could test our predicted Gaussian profile for the ↓ impurity in the TG limit.
An advantage of the single-impurity problem is the relatively straightforward manner in which we can evaluate the nearest neighbour constants (18) of the effective Heisenberg Hamiltonian (15) within our ansatz. However, we emphasize that Eq. (15) describes any number of ↑, ↓ particles in the strongly coupled regime. Consider, for instance, the case of N ↑ = N ↓ = 2. There are 6 = 4!/(2!) 2 states in the ground-state manifold, with S = 2 (one), S = 1 (three), and S = 0 (two). Diagonalizing the Hamiltonian in the basis of the states S i − S j − |↑↑↑↑ with i = j yields overlaps 0.99998 between exact and approximate wavefunctions. Taking the wavefunctions obtained numerically in Ref. [11] and mapping them onto the spin chain using the techniques of Appendix A, we find good agreement with our analytic results, where the wavefunction overlaps exceed 0.99997. Furthermore, within our ansatz, the contact coefficients of the six states take the form C 3 (0, 1, 5 − √ 7, 3, 6, 5 + √ 7)/6 where C 3 is the contact coefficient from the (N ↑ , N ↓ ) = (3, 1) problem -see Eq. (12) . As expected, since the Hamiltonian commutes with the spin operator, the spectrum contains that of the single-impurity problem and, in accordance with the Lieb-Matthis theorem [31] , the ground state has S = 0. In the large N ↑ , N ↓ limit, where the number of states grows dramatically, it may prove fruitful to study the system using the successful numerical tools developed for lattice systems, such as DMRG [28] , or matrix product states [44] .
In the present experimentally relevant case of an underlying harmonic potential, we found that the exchange couplings (18) mimic the underlying potential. Indeed, the same behavior appears in an infinite-well potential, where J i is independent of the site index [45] . One may then speculate that this is an (approximate) feature present in any external potential, thus allowing one to straightforwardly construct effective Heisenberg models for arbitrary potentials.
Finally, in light of the interest in SU (N ) magnetism [46] , it will also be interesting to investigate whether our highly accurate strong coupling ansatz for the twocomponent Fermi gas may be extended to describe Ncomponent fermions.
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where 1 ≤ j ≤ N . {x j } i corresponds to any set of i spin-↑ particles and the step function Θ is 1 if precisely i of the N majority particles are to the left of the impurity, and zero otherwise. 
Here we used the fact that the integral over the (normalized) ferromagnetic state ψ 0 does not depend on the ordering of particles. Thus, restricting the integral to a particular ordering, the result is 1/(N + 1)!. Now, if i particles are to the left of the impurity, there are
ways of choosing these, with i! × (N − i)! ways of ordering those to the left and right of the impurity. Gathering the terms, the basis states {↓ i } are thus seen to form an orthonormal basis.
Recall now the definition of the basis states φ l :
with s j ≡ sign(x j − x 0 ). Assuming there are exactly i majority particles to the left of the impurity, we may evaluate the sum of sign functions:
This simply counts how many combinations exist with k [l − k] majority particles involved in the sign functions out of the i [N − i] majority particles located to the left [right] of the impurity, respectively. Thus we arrive at the projection of the two sets of basis states:
The prefactor arises from the same arguments that led to Eq. (A1). The inner products Φ ln = φ l | φ n displayed in Eq. (6) then simply follow from Eq. (A5), 
In the first line, we have made use of the fact that the integral is independent of i so that we can differentiate with respect to just y N and multiply by N . In the second line, we have used the fact that In both cases we see how the integrals over the relative coordinates between the impurity and the majority particles separate. It is also easy to see that h 11 (k) = h 33 (k), as expected.
